
Applied Physics 190c: Homework #2

(Dated: April 18, 2019)

Due: Friday, April 26th, anytime.

I. READING

Chapter 1 in “Statistical Methods of Quantum Optics” (Carmichael, 1999) (see notes on class website),
and the Quantum Optics Toolbox user guide (see link on class website for download).

II. (90 POINTS) QUANTUM LIMITS OF LINEAR AMPLIFIERS

In order to measure signals at the quantum level (i.e., single quantum excitations) one typically needs
an amplifier to increase the signal amplitude above that of the background noise of our classical, everyday,
environment. In optics this is not a major concern as there are very few thermal optical photons even at
room temperature, and single photon detection can be performed without any need for pre-amplification
(the rods in our eyes our sensitive at the single photon level (!), however, a neural response filter limits
our sensitivity to a flux rate of ∼ 100 photons/s (Hecht et al., 1942)). For sensitive microwave detection,
such as in radio astronomy or in superconducting quantum circuits for quantum computing, the story is
quite different and pre-amplification is required due to the thousands of thermal microwave photons per
mode at room temperature. Quantum mechanics, however, puts a limit on the fidelity of amplification of a
quantum signal that is achievable. In quantum mechanics one cannot clone a quantum state (c.f., quantum
no-cloning theorem (Wootters and Zurek, 1982)), and so amplifying a single photon into many photons
with perfect fidelity is forbidden. Carleton Caves has provided general limits on the performance of linear
amplifiers (Caves, 1982), categorizing them as either phase-insensitive or phase-sensitive. Phase-insensitive
linear amplifiers (i.e., those amplifiers that amplify both phase quadratures of a signal equally) are found
to produce added noise, when referred to the input of the amplifier, of at least 1/2 quanta for narrowband,
single mode amplification. Phase-sensitive linear amplifiers on the other hand, have a minimum constraint
on the product of the added noise of the two phase quadratures. In this problem we will investigate the
parametric amplifier as an ideal phase-insensitive linear amplifier.

A simple schematic of a bosonic amplifier is shown in Fig. 1, where we have a single-mode input waveguide
in which signals are sent into the amplifier and a single-mode output waveguide from which the amplified sig-
nals are received. A classical pump is used to energize the amplifier. In what follows we use the symmetrized
noise,

(∆a)2 ≡ symmetrized noise =
1

2
〈{â, â†}〉 − |〈â〉|2, (1)

suitable for a non-Hermitian operator such as the annihilation operator (â). If we consider (discrete) input

mode â and output mode b̂, then naively we might assume for a linear phase-insensitive (also called phase-

preserving) amplifier that: (i) b̂ =
√
Gâ and b̂† =

√
Gâ†, where G is a dimensionless photon number gain.

However, we expect for bosonic quantum modes that: (ii) [â, â†] = [b̂, b̂†] = 1. Clearly (i) and (ii) cannot be
met simultaneously for anything but unity gain.

A. 1/2 quanta added noise

The solution is to add an additional degree of freedom to the amplifier in the form of a noise operator,
such that b̂ =

√
Gâ + F̂ and b̂† =

√
Gâ† + F̂†. Under suitable assumptions for the noise operator F̂
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FIG. 1 Schematic of a general amplifier with input bosonic modes, output bosonic modes, and a

classical pump for energizing the amplifier.

(i.e., independent of bosonic mode â → [â, F̂ ] = [â, F̂†] = 0, expectation average 〈F̂〉 = 〈F̂†〉 = 0, and
uncorrelated with the input mode → 〈âF̂〉 = 〈âF̂†〉), show that

[F̂ , F̂†] = 1−G, (2)

and

(∆b)2

G
≡ effective noise referred to the input ≥ (∆a)2 +

|G− 1|
2G

. (3)

(NB: you will need to make use of the special fact that 〈F̂F̂†〉 is a real, non-negative number → {F̂ , F̂†} ≥
|[F̂ , F̂†]|). In the high G limit (G � 1) this yields an added noise which is greater than or equal to a half
quanta, equivalent to the vacuum noise of a single added bosonic degree of freedom. Therefore we have that
the total noise at the input of an ideal phase-preserving, large G amplifier is twice the vacuum noise of a
single input mode.

B. Haus-Caves form

Show that if the noise operator is associated with a single additional bosonic degree of freedom of the
amplifier (d̂) such that F̂ =

√
G− 1d̂†, then the inequality in Eq. (3) is saturated and the added noise of

the phase-preserving amplifier (referred to the input) reaches its minimum value of exactly 1/2 quanta in
the high gain limit.

C. Non-degenerate parametric amplifier (paramp)

A phase-preserving amplifier which reaches the quantum limit can be realized using a nonlinear χ(2)

crystal in which a pump wave (âp) interacts with a signal (âS) and idler (âI) wave as shown in Fig. 2. The
Hamiltonian for a single triplet of resonant photon modes (ωp = ωS + ωI) is given by,

Ĥsys = h̄
(
ωpâ

†
pâp + ωS â

†
S âS + ωI â

†
I âI

)
+ ih̄η

(
â†S â

†
I âp − âS âI â

†
p

)
, (4)

where without loss of generality (WLOG) we take the nonlinear coupling coefficient η to be real and positive.
In order to linearize the resulting equations of motion for the signal and idler waves, we make the approxi-
mation that the pump field is an intense coherent state and treat it entirely classically, âp ≈ ap exp(−iωpt).
WLOG we take ap to be a real, positive constant.

Transforming to a rotating reference frame described by unitary Û = exp [−i(â†S âSωS + â†I âIωI)t], show
that the resulting (Schrödinger) interaction picture Hamiltonian is given by,



3

FIG. 2 Feynman scattering diagrams showing the different nonlinear processes in a χ(2) nonlinear

crystal.

ĤI = ih̄λ
(
â†S â

†
I − âS âI

)
, (5)

where the effective coupling of signal and idler beam scales with the pump amplitude, λ = ηaP . Note that
ĤI is now time-independent and the signal and idler creation and annihilation operators in Eq. (5) are
Schrödinger operators.

D. Exponential growth

Show that in this rotating reference frame the solution to the Heisenberg equations of motion for the
signal and idler modes are,

âS(t) = cosh (λt)âS(0) + sinh (λt)â†I(0) (6)

â†I(t) = cosh (λt)â†I(0) + sinh (λt)âS(0), (7)

leading to exponential growth in interaction time of the signal and idler fields.

E. Squeezing

More subtle is the mixing of the idler creation operator into the signal annihilation operator (and vice-
versa). This results in two-mode ‘squeezing’ of the signal and idler fields. Show that this is the case
by considering how correlations in the observable quadratures of signal and idler fields evolve in time.
Specifically, consider (X̂S,+−X̂I,+)(t) and (X̂S,−+X̂I,−)(t), where X̂j,+ ≡ (âj + â†j) and X̂j,− ≡ −i(âj− â†j),
j = {S, I}. We set out to build a parametric amplifier and ended up with a two-mode squeezer! This is a
general phenomena as amplification and squeezing go hand in hand.

F. Open cavity paramp

So far we have discussed a closed system of interacting signal, idler, and pump modes. In practice
we would like to be able to send in signals to the parametric amplifier and receive amplified outputs. In
what follows consider the single-sided cavity system shown in Fig. 3 in which signal and idler fields are
made resonant with the cavity and an external classical pump field is again applied. As before, interaction
between the three fields are assumed to occur due to an internal χ(2) media in the cavity. Now however,
external signal and idler fields can interact with the localized cavity modes via the partially transmissive
front mirror.

Using the input-output formalism developed in class, write down a pair of Quantum Langevin Equations
(QLEs) for the modes âS and â†I and their associated inputs. Assume that both the signal and idler are
damped only through the front mirror at an energy rate of κS and κI , respectively.
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FIG. 3 Parametric amplifier cavity with input driving fields and amplified output fields.

G. Narrow bandwidth signal gain

Solve the QLEs for the signal and idler in steady-state (i.e., by setting the time derivative of the cavity
mode Heisenberg operators to zero). Using the associated boundary conditions relating input, output and
internal cavity fields, show that for narrowband signals (δω � κI , κS) the signal output field is given by,

âS,out|ss ≈
(
Q2 + 1

Q2 − 1

)
âS,in +

(
2Q

Q2 − 1

)
â†I,in, (8)

where Q ≡ 2λ/
√
κIκS . Show that this is precisely of the Haus-Caves form with the idler mode playing the

role of the additional bosonic degree of freedom and the amplifier gain being given by
√
G0 = (Q2 + 1)/(1−

Q2). What do you think happens when the pump power is increased to the point that λ = λth ≡
√
κIκS/2?

H. Bonus (15 points)

Solve the QLEs in the Fourier domain and derive a general solution for the frequency dependent gain of
the parametric amplifier.

III. (10 POINTS) GETTING GOING WITH THE QUANTUM OPTICS TOOLBOX

A.

Install on your computer the Quantum Optics Toolbox, a set of matlab functions written by Sze M.
Tan at the University of Auckland for the simulation of quantum systems. Alternatively, install the more
modern version of this toolbox, Qu-Tip, which is based upon Python.

B.

Read the accompanying documentation (qousersguide.pdf) entitled, “A Quantum Optics Toolbox for
Matlab 5.”

https://copilot.caltech.edu/documents/229-qotoolboxv015.zip
http://qutip.org/
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C.

Implement a script that reproduces Figure 1 from the users guide.
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