
Applied Physics 190c: Homework #4

(Dated: May 23, 2019)

Due: Thursday, May 30, anytime.

I. READING

Chapter 4 in “Methods in Theoretical Quantum Optics” (Barnett and Radmore, 1997). Chapter 3 and
4 in “Statistical Methods of Quantum Optics” (Carmichael, 1999). For the second problem you will want
to read over the theory (Mirrahimi et al., 2014) and experimental (Sun et al., 2014) papers from the Yale
groups on using Cat codes for storing quantum information in coherent states of a harmonic oscillator.

II. (50 POINTS) P , W , AND Q PHASE-SPACE REPRESENTATIONS

One can define the different phase-space representations using the p-ordered characteristic function,

χ(ξ, p) = Tr
[
ρ̂D̂(ξ)

]
exp(p|ξ|2/2), (1)

where D̂(ξ) = exp(ξâ† − ξ∗â) is the displacement operator with complex displacement amplitude ξ.

A. Relation to displacement operator (no points)

The values p = 1, 0, and −1 correspond to a characteristic function of the normal, symmetric, and
antinormal ordered version of the displacement operator.

B. Expectation values (no points)

The expectation value of the p-ordered product of
(
â†
)m

and ân is given by,

〈(
â†
)m

an
〉
p

= (∂/∂ξ)
m

(−∂/∂ξ∗)n χ(ξ, p)|ξ=0. (2)

Note that ξ and ξ∗ are to be treated as independent variables with respect to differentiation. This is possible
due to the fact that (∂/∂ξ)(ξ∗) ≡ (1/2)(∂/∂ξr − i∂/∂ξi)(ξr − iξi) = 0, where ξr and ξi are the real and
imaginary components of ξ, respectively.

C. In terms of quadrature operators (no points)

One can rewrite the characteristic function in terms of quadrature operators x̂λ and x̂λ+π/2,

χ(ξ, p) = Tr
{
ρ̂ exp

[
−i(ξλx̂λ + ξλ+π/2x̂λ+π/2)

]}
exp

[
p(ξ2λ + ξ2λ+π/2)/4

]
, (3)

where the rotated displacement amplitude is defined as ξφ ≡ i (ξ exp(−iφ)− ξ∗ exp(iφ)) /
√

2. The p-ordered,
nth moment of the quadrature operator x̂λ can be calculated from the p-ordered characteristic function as,
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〈x̂nλ〉p = (i∂/∂ξλ)
n
χ(ξ, p)|ξ=0. (4)

D. Quasi-probability distributions (no points)

The quasi-probability distribution W (α, p) over complex α is defined as a two-dimensional Fourier trans-
form of the p-ordered characteristic function of complex ξ,

W (α, p) =
1

π2

ˆ
d2ξ χ(ξ, p) exp(αξ∗ − α∗ξ), (5)

where
´

d2ξ ≡
∞́

−∞
dξr

∞́

−∞
dξi. Note that W (α, p) is real, but not always positive, hence why we call it a

“quasi” probability. Also, this integral is not always well behaved, and W (α, p) must sometimes be expressed
in terms of generalized functions (like the Dirac-delta function). The Glauber-Sudarshan (P ), Wigner (W ),
and Husimi (Q) phase-space representations correspond to p = 1, 0, and −1, respectively. These phase-space
representations can be used as quasi-probability distributions in the sense that the p-ordered expectation
(moment) of products of â and â† of a quantum optical field can be obtained through integration over
α-space of W (α, p),

〈(
â†
)m

an
〉
p

=

ˆ
d2αW (α, p)(α∗)mαn. (6)

One can show this by directly substituting for W (α, p) in terms of χ(ξ, p) (in eq. (5)), and using
eq. (2). Hint : You will need to use the following property of the two-dimensional Dirac-delta function,´

d2ξ f(ξ)(∂/∂ξ)m(∂/∂ξ∗)nδ(2)(ξ) = (−∂/∂ξ)m(−∂/∂ξ∗)nf(ξ)|ξ=0.

E. P -distribution and coherent states

Show that W (α, 1) = P (α), where P (α) are the elements of the density matrix when diagonalized in
the coherent state basis, ρ̂ =

´
d2αP (α)|α〉〈α|. Note that the two-dimensional Dirac-delta function can

be represented as, δ(2)(ξ) ≡ δ(ξr)δ(ξi) = (1/π2)
´

d2α exp(αξ∗ − α∗ξ). What is the P -representation for a
coherent state |α0〉 then? It turns out that all pure states have singular P (α) distributions.

F. The Wigner (W -) distribution and photon number parity checks

W (α, 0) ≡ W (α) is the Wigner distribution. It is a little “smoother” than the P -distribution, but can
be negative for certain states (like Fock or number states) so it has its own peculiarities. It can be shown
for p < 1 (i.e., not for the Glauber-Sudarshan representation) that,

W (α, p)|p<1 =
2

π(1− p)

∞∑
n=0

(
p+ 1

p− 1

)n
〈n|D̂†(α)ρ̂D̂(α)|n〉. (7)

Use this relation to show that the Wigner distribution around α = 0 can be used as a sort of photon number
parity check of the state of a quantum optical field,

W (α = 0) =
2

π
(Peven − Podd) , (8)
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where Peven is the probability that the field has an even number of photons and Podd is the probability it has
an odd number of photons. More generally, W (α) = (2/π) (Peven − Podd), where Peven and Podd correspond
to the probability of even or odd photon parity for the state with density matrix ρ̂′(α) ≡ D̂†(α)ρ̂D̂(α).
Therefore, |W (α)| ≤ 2/π for all α.

G. Coherent states in the Wigner distribution: Gaussian states

Show using the characteristic function χ(ξ, 0) = Tr[ρD̂(ξ)], that for the vacuum state ρ̂ = |0〉〈0|, the
Wigner distribution is a Gaussian, W (α)|ρ̂=|0〉〈0| = (2/π) exp(−2|α|2). Using the relation D̂(α)D̂(α′) =

D̂(α + α′) exp[(α(α′)∗ − α∗α′)/2], show for a coherent state of finite amplitude with ρ̂ = |β〉〈β| that the
Wigner distribution is simply a displaced version of its vacuum distribution, W (α)ρ̂=|β〉〈β| = W (α−β)ρ̂=|0〉〈0|
(note: this is true generally for any of the p-ordered phase-space representations).

H. Wigner distribution in the quadrature basis

The Wigner distribution can be written in the quadrature basis as,

W (xλ, xλ+π/2) =
1

2π2

ˆ
dξλ

ˆ
dξλ+π/2 exp[i(xλξλ + xλ+π/2ξλ+π/2)]× (9)

Tr
{
ρ̂ exp[−i(x̂λξλ + x̂λ+π/2ξλ+π/2)]

}
, (10)

where quadrature coordinate xφ is defined as xφ = (1/
√

2)(α exp(−iφ)+α∗ exp(iφ)) and Fourier quadrature
coordinate ξφ is as defined above. The Wigner distribution can thus be viewed as a joint distribution over
xλ and xλ+π/2. Show that (1/2)

´
dxλ+π/2W (xλ, xλ+π/2) = 〈xλ|ρ̂|xλ〉, i.e., it is the (true) probability

distribution for the quadrature coordinate xλ.

I. Q-function

Show that the Q-function is equal to, W (α,−1) ≡ Q(α) = (1/π)〈α|ρ̂|α〉. Solve for the Q-function of a
number (Fock) state and a coherent state.

J. Distributions of thermal fields

Solve for the P , W , and Q representations of a thermal state, ρ̂ = exp(−h̄ωn̂/kBT )/(Tr[exp(−h̄n̂/kBT )]).

III. (50 POINTS) CAT CODES AND QUANTUM ERROR CORRECTION

An active research direction in the field of quantum computation is quantum error correction (QEC)—
preserving quantum information under a noisy environment by actively catching errors and correcting for
them. Recently, a hardware-efficient scheme for realizing QEC with a harmonic oscillator and a qubit has
been proposed (Mirrahimi et al., 2014) and is being experimentally pursued (Sun et al., 2014). This scheme
relies on special properties of coherent state superpositions, or cat states.

A. Schrödinger Cat States

The so-called Schrödinger cat states are special superpositions of coherent states. We are specifically
interested in the four cat states given by

|C±β 〉 = N± (|β〉 ± | − β〉) , |C±iβ〉 = N± (|iβ〉 ± | − iβ〉) , (11)
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|g〉 Ry(π/2) • Ry(−π/2)

|ψ〉 Cπ

FIG. 1 Quantum circuit for parity measurement. The top (bottom) row corresponds to the operations
on the qubit (cavity). The circuit reads from left to right and gives the following information: (i) start
with an initial state |g〉|n〉, (ii) apply gate R̂y(π/2) on the qubit, (iii) apply the controlled-rotation gate

|g〉〈g|⊗ 1̂+ |e〉〈e|⊗ eiπâ†â, (iv) apply gate R̂y(−π/2) on the qubit, (v) measure the state of qubit in {|g〉,|e〉}
basis.

whereN± = 1/
√

2(1± e−2|β|2) is the normalization constant that approaches 1/
√

2 as |β| → ∞. Write down
the four cat states in the Fock state basis and show that they are eigenstates of the photon parity operator

Π̂ = eiπâ
†â with eigenvalues ±1. Show that the four cat states are quasi-orthogonal, i.e., their overlap

is not exactly zero but is exponentially suppressed with increasing |β|2 (Hint: you may use the relation
〈α1|α2〉 = exp

[
1
2 (α∗1α2 − α1α

∗
2)
]

exp
[
− 1

2 |α1 − α2|2
]

for coherent states |α1〉 and |α2〉). What would be the
problem in reality if we are to increase the mean photon number |β|2 to make the four states as orthogonal
as possible to use them as computational basis? Plot the Wigner functions W (α) corresponding to the four
cat states when β = 2 and comment on the behavior near the origin.

B. Cat Code: Encoding quantum information in cat states

As the four cat states in Eq. (11) are nearly orthogonal to each other for large |β|, one can encode a
quantum bit of information in the logical space spanned by even-parity cat states: |0〉 ≡ |C+β 〉, |1〉 ≡ |C

+
iβ〉.

The dominant decoherence channel in the cavity is single-photon loss â, and we are interested in protecting
the encoded quantum information from this error. Discuss how an arbitrary encoded quantum state |ψ〉 =
c0|0〉 + c1|1〉 evolves under stochastic quantum jumps associated with photon loss, i.e., find (â)n|ψ〉 with
proper normalization for n = 1, 2, · · · . Comment on the photon parity of the states on which such photon
losses have occurred.

C. Photon parity measurement using an ancilla qubit

Now, we consider a system consisting of a two-level system (qubit) and a cavity. Show that the quantum
circuit in Fig. 1 can be used to measure the photon parity Π̂ of an arbitrary cavity state |ψ〉 using the qubit
(for details on how to understand the circuit, see the caption). Starting from an initial state |g〉 ⊗ |n〉 in
which qubit is in the ground state and cavity is in the n-photon Fock state, write how the state of qubit
and cavity evolves at each step of the circuit. Note that the circuit reads from left to right and is equivalent
to performing the operation[

R̂y

(
−π

2

)
⊗ 1̂

] [
|g〉〈g| ⊗ 1̂ + |e〉〈e| ⊗ eiπâ

†â
] [
R̂y

(π
2

)
⊗ 1̂

]
|g〉 ⊗ |ψ〉

followed by the measurement of qubit state in {|g〉, |e〉} basis (meter symbol in the circuit). Here,

R̂y(θ) ≡ exp

(
− iθ

2
σ̂y

)
= cos

(
θ

2

)
1̂− i sin

(
θ

2

)
σ̂y

is the qubit rotation along y-direction by angle θ (here, we define σ̂y = −i|e〉〈g| + i|g〉〈e|). Recalling that
the Hamiltonian of a qubit and a cavity in the strong dispersive regime is given by

Ĥ/h̄ = ωq|e〉〈e|+ (ωc − χ|e〉〈e|) â†â,

explain how one could realize such gate sequences utilizing this dispersive interaction and local drive on the
qubit. Discuss how one would correct for the single photon-loss error â using this photon parity measurement



5

and classical feedback control based on the measurement result (Explain in words). Finally, what happens
if a two-photon loss error â2 has occurred? Are you still able to correct for this error?
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